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1. Introduction
The set of natural numbers is denoted by N. We identify n with {0,1, . . . ,n − 1}. By |X | we mean the cardinality of
set X .
By an ideal on N (or any other countable set) we mean a family of subsets of the set of natural numbers closed under
taking ﬁnite unions and subsets of it. In this paper we also assume that the ideals are proper (= P(N)) and contain all
ﬁnite sets. The ideal which consists of all ﬁnite sets is denoted by Fin. If I is an ideal and A /∈ I , then by I  A, we mean
the restriction of the ideal I to the set A, i.e. I  A = {B ⊂ A: B ∈ I}. An ideal I is a P-ideal if for every sequence (An)n∈N
of sets from I there is an A ∈ I such that An \ A is ﬁnite for all n.
By identifying subsets of naturals with their characteristic functions, we equip P(N) with the Cantor-space topology and
therefore we can assign the topological complexity to the ideals of sets of naturals. In particular, an ideal I is analytic if it
is a continuous image of a Gδ subset of the Cantor space.
In this paper we will study analytic P-ideals. Probably the best known example of a nontrivial analytic P-ideal is the
ideal of sets of statistical density zero, i.e.
Id =
{
A ⊂ N: limsup
j→∞
d j(A) = 0
}
,
where d j(A) = |A ∩ j|/ j is the jth partial density of A.
Another example of an analytic P-ideal is ∅ × Fin. It is an ideal on N×N, which contains those subsets of N×N whose
all vertical sections are ﬁnite.
A map φ : P(N) → [0,∞] is a submeasure on N if
φ(∅) = 0,
φ(A) φ(A ∪ B) φ(A) + φ(B),
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φ(A) = lim
n→∞φ(A ∩ n).
(This corresponds to φ being lower semicontinuous in the Cantor-space topology on P(N).)
For any lower semicontinuous submeasure on N, let ‖ · ‖φ : P(N) → [0,∞] be the submeasure deﬁned by
‖A‖φ = limsup
n→∞
φ(A \ n) = lim
n→∞φ(A \ n),
where the second equality follows by the monotonicity of φ. Let
Exh(φ) = {A ⊂N: ‖A‖φ = 0}.
It is clear that Exh(φ) is an ideal (not necessarily proper) for an arbitrary submeasure φ.
All analytic P-ideals are characterized by the following theorem of Solecki.
Theorem 1.1. (See [11].) The following conditions are equivalent for an ideal I on N.
(1) I is an analytic P-ideal;
(2) I = Exh(φ) for some lower semicontinuous submeasure φ on N.
For example Id = Exh(φ) where
φ(A) = sup
j∈N
d j(A).
The notion of ideal convergence (I-convergence) is a generalization of the notion of convergence (when I = Fin) and
statistical convergence (when I = Id) introduced by Steinhaus and Fast [4]. First it was considered by Bernstein [2] and
Kateˇtov [7]. More details can be found in [9] or [5].
A sequence (xn)n∈N in a metric space (X,ρ) is said to be I-convergent to x (we denote it by xn →I x) if
(∀ε > 0) {n ∈ N: ρ(xn, x) ε} ∈ I.
In [8] Kateˇtov extended this deﬁnition to convergence of sequences of functions. A sequence ( fn : (X1,ρ1) → (X2,ρ2))n∈N
of functions is said to be:
• pointwise I-convergent to f ( fn →I f ) if
(∀ε > 0) (∀x ∈ X) {n ∈N: ρ2( fn(x), f (x)) ε} ∈ I,
• uniform I-convergent to f ( fn⇒I f ) if
(∀ε > 0)
{
n ∈ N: sup
x∈X
ρ2
(
fn(x), f (x)
)
 ε
}
∈ I.
In [1] Balcerzak, Dems and Komisarski introduced a new kind of convergence—equi-statistical convergence. The sequence
of functions ( fn : (X1,ρ1) → (X2,ρ2))n∈N is equi-statistical convergent to f (shortly fnI f ) iff
(∀ε,σ > 0) (∃k) (∀ j  k) (∀x ∈ X) d j
({
n ∈N: ρ( fn(x), f (x)) ε})< σ.
In Section 2 we give a deﬁnition of equi-ideal convergence which is an extension of equi-statistical convergence to the class
of all analytic P-ideals.
In the same paper Balcerzak, Dems and Komisarski studied Egorov’s theorem for the case of statistical convergence.
In particular they showed that in its statistical variant we cannot replace equi-statistical convergence by uniform statistical
convergence. In the last section we will generalize their results to all analytic P-ideals. We also give a partial characterization
of those ideals for which the replacement of equi-ideal convergence by uniform ideal convergence is possible.
2. Ideal convergence of functions
Using Theorem 1.1 we can rewrite the deﬁnitions of pointwise and uniform ideal convergence to the following form.
Moreover, as promised we introduce the notion of equi-ideal convergence. Suppose I = Exh(φ) and fn, f : (X1,ρ1) →
(X2,ρ2) then:
• pointwise ideal convergence
fn →I f ⇐⇒ (∀ε > 0) (∀σ > 0) (∀x ∈ X) (∃k ∈N) φ
({
n ∈ N: ρ2
(
fn(x), f (x)
)
 ε
} \ k)< σ,
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fnI f ⇐⇒ (∀ε > 0) (∀σ > 0) (∃k ∈N) (∀x ∈ X) φ
({
n ∈ N: ρ2
(
fn(x), f (x)
)
 ε
} \ k)< σ,
• uniform ideal convergence
fn⇒I f ⇐⇒ (∀ε > 0) (∀σ > 0) (∃k ∈N) φ
({
n ∈ N: sup
x∈X
ρ2
(
fn(x), f (x)
)
 ε
}
\ k
)
< σ.
First note that by the monotonicity of φ we may put σ = ε in the above formulas.
Secondarily, notice that the right side of the above deﬁnitions depends on a particular choice of a submeasure. So we
must show that these notions are well deﬁned. We skip easy cases of pointwise and uniform ideal convergence and show a
little bit less trivial case of equi-ideal convergence.
Proposition 2.1. Equi-ideal convergence is well deﬁned.
Proof. For the sake of contradiction, suppose that there exist two lower semicontinuous submeasures φ1 and φ2 such that
Exh(φ1) = Exh(φ2) and
(∀ε > 0) (∃k ∈ N) (∀x ∈ X) φ1
({
n ∈ N: ρ( fn(x), f (x)) ε} \ k)< ε,
(∃ε˜ > 0) (∀k ∈ N) (∃x ∈ X) φ2
({
n ∈ N: ρ( fn(x), f (x)) ε˜} \ k) ε˜.
Denote
U (x) = {n ∈N: ρ( fn(x), f (x)) ε˜}.
We can ﬁnd k1 and x1 such that
φ1
(
U (x1) \ k1
)
<
1
2
and φ2
(
U (x1) \ k1
)
 ε˜.
Since submeasure φ2 is lower semicontinuous, we can ﬁnd k′1 with
φ2
((
U (x1) \ k1
)∩ k′1)> ε˜/2.
Suppose we have already found k′i . Let ki+1 > k
′
i and xi+1 be such that
φ1
(
U (xi+1) \ ki+1
)
<
1
2i+1
and φ2
(
U (xi+1) \ ki+1
)
 ε˜.
Again by lower semicontinuity of φ2 we can ﬁnd k′i+1 with
φ2
((
U (xi+1) \ ki+1
)∩ k′i+1)> ε˜/2.
Put
A =
⋃
i∈N
((
U (xi) \ ki
)∩ k′i),
and see that
‖A‖φ1 = lim
i→∞
φ1(A \ ki) lim
i→∞
∞∑
n=i
φ1
(
U (xi) ∩
{
ki, . . . ,k
′
i
})
 lim
i→∞
∞∑
n=i
1
2n
= 0,
so A ∈ Exh(φ1). On the other hand
‖A‖φ2 = lim
i→∞
φ2(A \ ki) ε˜2 > 0,
a contradiction. 
We will show that equi-ideal convergence is a generalization of equi-statistical convergence.
Proposition 2.2. A sequence ( fn)n∈N of functions is equi-statistical convergent to f iff it is equi-ideal convergent to f with respect to
the ideal Id.
Proof. Recall that Id = Exh(φ), where φ(A) = sup j d j(A). Hence the statement follows from the following properties of d j :
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• if sup j d j(A \ k) ε then d j(A) d j(A \ k) + d j(k) 2ε for j  k/ε. 
We evidently have
( fn⇒I f ) ⇒ ( fnI f ) ⇒ ( fn →I f ).
Below we will consider the converse implications.
To show that ¬(( fn I f ) ⇐ ( fn →I f )) for any ideal I we can use a standard counterexample where fn is a charac-
teristic function of [0, 1n ] for n ∈ N.
The second implication is less trivial. For example for the ideal of ﬁnite sets equi-ideal convergence and uniform ideal
convergence are equivalent.
Proposition 2.3.
( fnFin f ) ⇒ ( fn⇒Fin f ).
Proof. See that Fin = Exh(φ) where
φ(A) =
{ |A| if A is ﬁnite;
∞ if A is inﬁnite.
Suppose that fnFin f . Take 0 < ε < 1. There exists k ∈ N such that
(∀x ∈ X) φ({n ∈N: ∣∣ fn(x) − f (x)∣∣ ε} \ k)< ε.
Since φ admits only integer values, φ({n ∈ N: | fn(x) − f (x)| ε} \ k) = 0. This means that this set is empty for each x ∈ X .
So fn⇒Fin f . 
In Proposition 2.6 we will show that there is only one more analytic P-ideal for which the above equivalence holds. But
ﬁrst we need some lemmas. Recall that an ideal I is dense if any inﬁnite subset of N has inﬁnite subset from the ideal.
Lemma 2.4. Suppose that I = Exh(φ) for some lower semicontinuous submeasure. Then I is dense iff limn→∞ φ({n}) = 0.
Proof. Suppose that limn→∞ φ({n}) = 0 and ﬁx an inﬁnite set A. Consider an inﬁnite set {nk}k∈N = B ⊂ A such that
φ({nk}) 12k . It is easy to show that any submeasure is countably subadditive. Hence it is easy to verify that B ∈ I .
To show the opposite implication suppose that for some ε > 0 the set of all points with the submeasure greater than ε
is inﬁnite. It is easy to verify that this set cannot contain an inﬁnite set from I . 
By the work of Todorcevic and Farah (see [3]) we have that if an analytic P-ideal is not isomorphic to Fin or ∅× Fin then
I  A is dense for some A /∈ I . Hence we get the following corollary.
Corollary 2.5. If I is not isomorphic to Fin or ∅ × Fin then limn∈A φ({n}) = 0 for some A /∈ I .
Proposition 2.6. Suppose that I = Exh(φ) for some lower semicontinuous submeasure. Then I is isomorphic to Fin or ∅ × Fin iff for
any sequence of functions equi-ideal convergence and uniform ideal convergence are equivalent.
Proof. To prove the implication from left to right take ideal I = ∅ × Fin and suppose that fnI f but ¬ fn⇒I f . Then
A = {n ∈ N: supρ( fn(x), f (x)) ε} /∈ I
for some ε > 0. There exists B ⊂ A, B /∈ I such that I  B = Fin. Evidently fn IB f and ¬( fn ⇒IB f )—a contradiction
with Proposition 2.3.
To prove the converse implication, take any analytic P-ideal I = Exh(φ) which is not isomorphic to Fin or ∅× Fin. By the
Corollary 2.5 limn∈A φ({n}) = 0 for some A /∈ I . Let fn be the characteristic function of { 1n } for n ∈ A and the constant zero
function otherwise. Since{
n ∈ N: supρ( f (x), fn(x)) 1
2
}
= A /∈ I,
¬( fn⇒I f ).
To see that fnI f choose ε > 0 and take N such that φ({n}) < ε for n > N . See that the set
Bx =
{
n ∈N: ∣∣ fn(x) − f (x)∣∣ ε}
contains at most one element for each x ∈ [0,1]. Hence φ(Bx \ N) < ε and so fnI f . 
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In this section we consider the behavior of generalizations of Egorov’s theorem to ideal convergence. We say that the
weak Egorov’s theorem holds for ideal I (Egorov’s theorem holds for ideal I) if for any ﬁnite measure space (X,M,μ), real-
valued measurable functions fn, f (n ∈ N) deﬁned almost everywhere on X such that ( fn)n∈N is pointwise I-convergent
to f almost everywhere on X and every ε > 0 there is an A ∈M such that μ(X \ A) < ε and ( fn  A)I f  A (( fn 
A)⇒I f  A, respectively).
Let A be any ﬁnite subset of N, let
[A,n] = {B ⊂ N: B ∩ n = A}.
The sets [A,n] form a base of the Cantor-set topology on P(N).
Theorem 3.1. If I is an analytic P-ideal then the weak Egorov’s theorem holds for I .
Proof. Let (X,M,μ) be a ﬁnite measure space, f , fn : X →R, for each n ∈ N. Without the loss of generality we may assume
that all f , fn (n ∈ N) are deﬁned everywhere on X and fn(x) →I f (x) for all x ∈ X .
Fix k, p ∈N and deﬁne the set
Ek,p =
{
x ∈ X: φ
({
n:
∣∣ fn(x) − f (x)∣∣ 1
p
}
\ k
)
 1
p
}
.
We claim that sets Ek,p are measurable. We show that the complement of each Ek,p is measurable.
X \ Ek,p =
{
x ∈ X:
{
n:
∣∣ fn(x) − f (x)∣∣ 1
p
}
\ k ∈ φ−1
((
1
p
,∞
))}
.
By the lower semicontinuity of φ there exist sets [Ai,ni] such that
X \ Ek,p =
{
x ∈ X:
({
n:
∣∣ fn(x) − f (x)∣∣ 1
p
}
\ k
)
∈
⋃
i∈N
[Ai,ni]
}
=
⋃
i∈N
ni⋂
j=k
{
x ∈ X: ∣∣ f j(x) − f (x)∣∣ 1
p
}χAi ( j)
,
where by A1 we mean A and by A0 the complement of A. Since f , fn (n ∈ N) are measurable, the last set is measurable.
See that for each p we have Ep,k ⊂ Ep,k+1 and X = ⋃∞k=1 Ep,k . Fix ε > 0. For each p ∈ N let k(p) be such that
μ(X \ Ep,k(p)) < ε/2p . Put A =⋂∞p=1 Ep,k(p) . Since X \ A =⋃∞p=1 X \ Ep,k(p) , μ(X \ A) < ε. Finally we have
(∀p ∈ N) (∃k(p) ∈N) (∀x ∈ X \ A) φ({n ∈ N: ∣∣ fn(x) − f (x)∣∣ 1
p
}
\ k(p)
)
<
1
p
which means fn  AI f  A. 
By Proposition 2.6 we get the following corollary.
Corollary 3.2. The Egorov’s theorem holds for ideals Fin and ∅ × Fin.
Obviously the fact that the Egorov’s theorem holds for ideal Fin is a classical result of Egorov.
We show below that in the class of non-pathological ideals only Fin and ∅ × Fin have this property.
We call a submeasure φ non-pathological if it is equal to the pointwise supremum of measures dominated by itself, i.e.
φ(A) = sup
μφ
μ(A),
where μ ranges over measures on N. An ideal is non-pathological if it is of the form Exh(φ) for a non-pathological lower
semicontinuous submeasure φ.
Example 3.3. We will work in the metric space [0,1) endowed with the σ -ﬁeld of the Lebesgue measurable sets and the
Lebesgue measure. Let I = Exh(φ) be a non-pathological ideal which is not isomorphic to Fin or ∅ × Fin.
Without the loss of generality we may assume that 1 < ‖N‖φ < ∞. By Lemma 2.5 and the lower semicontinuity of φ we
can build a family {An}n∈N of disjoint ﬁnite subsets of N such that:
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(2) φ({i}) < 12n for each i ∈ An and n ∈ N.
Let An = {an1, . . . ,ankn } for each n. Since φ is non-pathological there exists a family of measures {μn}n∈N , such that μn(An) = 1
and μn  φ.
For each n ∈N let {Ini }ikn be a partition of [0,1) into disjoint intervals such that the length of Ini is μn({ani }).
Let fk be the characteristic function of Ini if k = ani , and the constant zero function otherwise.
We need to show that fk →I 0. Fix x ∈ [0,1) and ε > 0. Deﬁne
B(x) = {n ∈ N: ∣∣ fn(x)∣∣ ε}.
Since |B(x) ∩ An| 1 for each n,
φ
(
B(x)
)

∞∑
n=0
φ
(
B(x) ∩ An
)

∞∑
n=0
1
2n
.
Now it is easy to verify that ‖B(x)‖φ = 0.
Now we show that ¬( fn  M⇒I 0) for any M with a positive measure. Let α be a measure of M . By the deﬁnition of
the intervals
μn
({
i ∈ An: M ∩ Ini = ∅
})
 α
for each n. Since μ φ the submeasure φ of this set is also greater or equal α. Hence for any k
φ
({
n ∈ N: sup
x∈M
∣∣ fn(x)∣∣ 1
2
}
\ k
)
 α.
So fn is not uniform ideal convergent to 0.
From Corollary 3.2 and Example 3.3 we get the following theorem.
Theorem 3.4. Suppose I is a non-pathological ideal. Then Egorov’s theorem holds for the ideal I iff I is isomorphic to Fin or ∅ × Fin.
There is a natural question what happens in the case of pathological ideals. The author currently does not know the
answer.
Problem 1. Does there exist a pathological analytic P-ideal for which the Egorov’s theorem holds?
It is well known that the Egorov’s theorem for the category is not true, i.e. there exists a pointwise convergent sequence
of continuous functions ( fn :R→ R)n∈N which is not uniform convergent on any dense subset of any interval (see e.g. [10]).
By an easy argument we can rebuild this example to show that the category analogue of the Egorov’s theorem also does
not hold for ideal convergence for analytic P-ideals.
Take any analytic P-ideal I = Exh(φ). Let δ = ||N||φ . By the lower semicontinuity we can divide N into the ﬁnite disjoint
sets {An}n∈N such that φ(An) > δ/2 for each n ∈ N. Let ( fn)n∈N be a counterexample to Egorov’s theorem for category with
the pointwise limit f . Deﬁne the sequence of functions (gi)i∈N , by gi = fn if i ∈ An . It is easy to verify that (gi)i∈N is
pointwise convergent to f . Next we show that it is not equi-ideal convergent on any dense set. Let D be a set which is
dense in some interval. Take ε such that for any k ∈ N there exist n > k and x ∈ D such that | fn(x) − f (x)| > ε. Hence for
each k ∈ N there exist n > k and x ∈ D such that
An ⊂
{
i ∈N: ∣∣gi(x) − f (x)∣∣ ε}.
Since φ(An) > δ/2, sequence (gi)i∈N is not equi-ideal convergent on set D .
This argument can be extended over all analytic ideals. Talagrand in [12] and Jalali-Naini in [6] independently proved the
following theorem.
Theorem 3.5. Let I be a meager ideal (as a subset of P(N)). Then there exists a partition {Ai}i∈N of N such that for any set A ⊂ N if
Ai ⊂ A for inﬁnitely many i’s, then A /∈ I .
Using the same construction as in the last example one can build for any meager ideal a pointwise convergent sequence
of functions (gi)i∈N , which is not uniform I-convergent on any set which is dense in some interval.
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